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Abstract
It is well known that star-shaped domains possess particularly simple polar parameterizations, which are
formed by the line segments that connect a suitably chosen center with the points on the domain’s boundary.
The polar parameterization is valid (i.e., regular everywhere except for the center) if the center is located
in the kernel of the domain. In the case of a domain with a smooth free-form boundary curve, the kernel
is a convex region which is enclosed by the curve and (some of) the boundary’s inflection tangents. These
parameterizations possess numerous applications, most recently also including domain parameterization in
isogeometric analysis.
Since the class of star-shaped domains is quite limited, we propose to increase the flexibility of the
underlying polar parameterizations by considering circular arcs that connect the center with the points on
the domain’s boundary. Parameterizations that are regular everywhere except at the center are said to form
an arc fibration of a planar domain. We analyze the existence of an arc fibration with a given center and
present an algorithm that computes it in the affirmative case. In addition, we explore the arc fibration
kernel that contains the suitable center points.
Keywords: circular arcs, arc fibration, star-shaped, domain parameterization, isogeometric analysis

1. Introduction
The notion of starshapedness, which describes the property that a domain possesses at least one center
point that sees every point on the domain’s boundary, plays a fundamental role in numerous applications.
It motivates the definition of the kernel of a domain, which is the set of all the possible center points.
The case of planar polygons was analyzed in the classical literature on Computational Geometry. Lee and
Preparata (1979) proposed an algorithm that computes the kernel of a planar polygon (which is simply the
intersection of all half-planes defined by the polygon’s edges) with linear complexity. An efficient algorithm
for the decomposition of polygons into star-shaped polygons was presented by Avis and Toussaint (1981),
and it was shown that the problem of finding the minimum decomposition is NP hard (O’Rourke and
Supowit, 1983).
These results have been extended to planar domains with free-form boundaries. Dobkin and Souvaine
(1990) extended results from classical computational geometry to two- and three-dimensional domains, which
are bounded by spline curves and surfaces (splinegons and splinehedrons). More recently, the visibility
locations for planar domains bounded by closed smooth curves were investigated by Joshi et al. (2017).
These locations generalize the notion of the center to non-star-shaped domains. This work is related to
earlier results on visibility charts for continuous curves in the plane by Elber et al. (2005). These charts
allow to analyze the visibility of the curve from a one-parameter set of candidate viewpoints, which may
be interior or exterior to the object. Only very few contributions exist for domains in three-dimensional
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space. Elber et al. (2006) proposed algorithms for computing the kernel of a closed freeform rational surface,
based on a plane-point duality. Besides segments of the original surface, the boundary surface of the kernel
contains developable surface patches and even planar surface patches.
Our interest in star-shaped domains grew out of applications to numerical simulation within the framework of isogeometric analysis. The scaled boundary finite element method employs a polar parameterization
of star-shaped domains via line segments, in order to derive a discretization of a partial differential equation.
This method has recently been applied to domains given by a NURBS boundary representation (Natarajan
et al., 2015; Chen et al., 2016) in agreement with the isogeometric paradigm of exact geometry representation
(Hughes et al., 2005).
In order to increase the flexibility of the polar parameterizations by line segments, which are available
for star-shaped domains only, we propose to employ circular arcs that connect the center with the points on
the domain’s boundary. Polar parameterizations of this type, which are regular everywhere except at the
center, are said to form an arc fibration of a planar domain.
The choice of circular arcs is motivated by the well-established fact – which has been explored in Computational Geometry (Aichholzer et al., 2011) – that these curves form the natural generalization of line
segments. Consequently, we will be able to analyze the existence of an arc fibration with a given center via
certain geometric arguments, and to derive an algorithm that computes it in the affirmative case. These
results will be presented in Sections 3, 4 and 5.
In addition, we will explore in Section 6 the arc fibration kernel of a domain, which is formed by the
set of suitable center points. Finally we will summarize the paper and present some directions for further
research.
2. Polar parameterizations
Throughout this paper we consider a simply connected planar domain D ⊂ R2 . Its boundary ∂D is
represented by a closed parametric curve
c(t) = (x(t), y(t)),

t ∈ R,

with positive (i.e., counterclockwise) orientation. The curve is described by 1-periodic coordinate functions,
c(t) = c(t + 1), which are assumed to be C 2 -smooth.
We assume that the domain D contains the origin 0 = (0, 0). In this situation, it is possible to extend
the parametric curve to a polar parameterization
p(s, t),

s ∈ [0, 1],

t ∈ R,

(1)

that satisfies
p(0, t) = (0, 0),

p(1, t) = c(t)

and p(s, t) = p(s, t + 1).

(2)

The parameter lines t = constant connect the origin 0, which is called the center of the polar parameterization, with the boundary point c(t).
Parameterizations by lines are the simplest instances of polar parameterizations. These are obtained by
performing linear interpolation of the origin and the boundary points,
p(s, t) = (1 − s) 0 + s c(t) = (s x(t), s y(t)),

(3)

see Fig. 1. These parameterizations are regular (except for the singularity at the center) if and only if the
domain is star-shaped with respect to the origin, which is characterized by the inequality


x(t) x0 (t)
> 0 ∀t ∈ R.
det
y(t) y 0 (t)
More generally, a domain is said to be star-shaped if it satisfies this condition for a suitable choice of the
coordinate system. The kernel of a domain is formed by all possible locations of the origin such that the
2

Figure 1: A star-shaped domain with a parameter line (left) of the polar parameterization and its kernel (right).

above condition is satisfied. It is a convex region which is bounded by the curve and by the tangents at the
curve’s inflection points, see again Fig. 1.
Clearly, the set of star-shaped domains is quite restricted. We improve the flexibility of polar parameterizations by considering circular arcs instead of straight line segments. These arcs form a slightly more
general class of parameter lines.
3. Arc fibrations
Arc fibrations are a special class of polar parameterizations. We represent them by parameterizations of
the form
(1 − s)2 ν0 (t)b0 (t) + 2s(1 − s)ν1 (t)b1 (t) + s2 ν2 (t)b2 (t)
,
(4)
p(s, t) =
(1 − s)2 ν0 (t) + 2s(1 − s)ν1 (t) + s2 ν2 (t)

which we construct with the help of a result of Zubė (2006) about the representation of circular arcs as
rational linear Bézier curves with complex control points and weights, see Remark 1 below.
More precisely, the parameter lines t = constant are circular arcs, which are described by rational Bézier
curves of degree 2 (obtained from rational linear Bézier curves with complex control points and weights)
with control points
 




x(t)2 + y(t)2
0
cos ϕ(t)
x(t)
b0 (t) =
, b1 (t) =
, b2 (t) =
.
0
y(t)
2(x(t) cos ϕ(t) + y(t) sin ϕ(t)) sin ϕ(t)
and associated weights
ν0 (t) = x(t)2 + y(t)2 ,

ν1 (t) = x(t) cos ϕ(t) + y(t) sin ϕ(t),

ν2 (t) = 1.

Obviously, the polar parameterization (4) satisfies (2) if the chosen function ϕ(t) obeys the functional
equation f (ξ + q) = f (ξ) + C, which characterizes arithmetic quasiperiodic functions, for the quasiperiod
q = 1 and the constant C = 2π. Moreover, it can be confirmed by a short computation that the angle ϕ(t)
specifies the tangent direction


∂
cos ϕ(t)
= v(t)
(5)
( p)(0, t) =
sin ϕ(t)
∂s

at the center point. Finally we note that the denominator has a real root s ∈ [0, 1] if and only if


p
cos ϕ(t)
hc(t),
i = ν1 (t) ≤ − ν0 (t)ν2 (t) = −kc(t)k.
sin ϕ(t)

(6)

The polar parameterization is therefore well defined for all s ∈ [0, 1] unless the vectors c(t) = (x(t), y(t))T
and (cos ϕ(t), sin ϕ(t))T are anti-parallel, i.e., provided that
ϕ(t) 6∈ π + arg(x(t) + iy(t)),
3

(7)

where arg denotes the argument1 of a complex number and i is the imaginary unit.
Remark 1. As observed by Zubė (2006), the use of complex numbers is very convenient when working
with rational parameterizations of circular arcs. In particular, he noted that rational linear Bézier curves
with complex weights (which can equivalently be represented as rational quadratic Bézier curves) represent
circular arcs. In fact, the curves t = constant in (4) are equivalent to the rational linear curves
p1 (s, t) + ip2 (s, t) =

x(t)+iy(t)
(1 − s) cos ϕ(t)+i
sin ϕ(t) (0 + i0) + s · 1 · (x(t) + iy(t))
x(t)+iy(t)
(1 − s) cos ϕ(t)+i
sin ϕ(t) + s · 1

where we identified points with complex numbers.
Now we introduce the central notion of this paper.



Definition 1. The polar parameterization (4), which is defined by the 1-periodic boundary curve c(t) and
the 1-quasiperiodic function ϕ(t) with shift 2π, is called an arc fibration if it is regular for all (s, t) ∈ (0, 1]×R.
Example 1 (Hourglass). We consider the 1-periodic cubic spline curve c(t) with uniform knots and control
points
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see Fig. 2a. The blue circle visualizes the point c(0). The polar parameterization (3) by line segments is
depicted in Fig. 2b. It is not regular, since the domain is not star-shaped with respect to the origin. In
fact, the kernel of the domain is empty and thus the domain is not star-shaped.
Next, we consider the circular arcs obtained by choosing the quasi-periodic function
8
ϕ(t) = 2πt − .
5
The resulting parameterization is visualized in Figure 2c. Again it is not regular, since the arcs are not
confined to the domain and even intersect each other.
Finally we choose another quasi-periodic function ϕ(t), which will be presented later, and obtain the arc
fibration shown in Figure 2d.

4. Regularity conditions
We investigate conditions that guarantee the regularity of the parameterization by circular arcs. The
determinant of the Jacobian matrix of (4) evaluates to
D(s, t) =
where

(s2

s((1 − s)(x(t)2 + y(t)2 )2 ϕ0 (t) + sD(1, t))
,
+ 2s(1 − s)(x(t) cos ϕ(t) + y(t) sin ϕ(t)) + (1 − s)2 (x(t)2 + y(t)2 ))2

(8)

p
D(1, t) = (x(t)2 + y(t)2 ) x0 (t)2 + y 0 (t)2 hu(t), v(t)i .

(9)

The vector v(t) = (cos ϕ(t), sin ϕ(t)) denotes the tangent vector at s = 0, while


1
(x(t)2 − y(t)2 )y 0 (t) − 2x(t)y(t)x0 (t)
p
u(t) =
2
2 0
0
(x(t)2 + y(t)2 ) x0 (t)2 + y 0 (t)2 (x(t) − y(t) )x (t) + 2x(t)y(t)y (t)
1 We

use Arg z for the principal value, while arg z = Arg z + 2πZ denotes the set of all equivalent angles.
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Figure 2: A hourglass-shaped planar domain (a) and polar parameterizations by line segments (b) and circular arcs (c,d). The
latter one is an arc fibration.

is obtained by reflecting the curve’s unit normal
n(t) = p

 0 
−y (t)
0
2
0
2
x0 (t)
x (t) + y (t)
1

at the bisector of the origin and c(t). The reflected unit normal can be represented by smooth arithmetic
quasiperiodic function ψ(t) with period 1 and constant 2π, satisfying


cos ψ(t)
= u(t).
(10)
sin ψ(t)
In other words, the function ψ(t) fulfills
ψ(t) ∈ arg((x(t)2 − y(t)2 )(y 0 (t) + ix0 (t)) − 2x(t)y(t)(x0 (t) − iy 0 (t)))

(11)

for all t. Clearly, there are countably many possibilities to choose the function ψ(t). We select the one that
attains the principal value for t = 0, i.e.,
ψ(0) = Arg((x(0)2 − y(0)2 )(y 0 (0) + ix0 (0)) − 2x(0)y(0)(x0 (0) − iy 0 (0))) ∈ (−π, π].
In addition, we define the auxiliary functions
ϕmin (t) = ψ(t) −

π
2

and ϕmax (t) = ψ(t) +

π
.
2

We analyze the regularity of the parameterizations along the domain boundary, i.e., for s = 1:
Lemma 2. The determinant of the Jacobian matrix satisfies D(1, t) > 0 if and only if the smooth quasiperiodic function ϕ(t) with period 1 and constant 2π satisfies
ϕmin (t) + 2kπ < ϕ(t) < ϕmax (t) + 2kπ
for some integer k.
Proof. The definitions (5) and (10) imply
hu(t), v(t)i = cos(ϕ(t) − ψ(t)).
The claimed result then follows from (9).
5

∀t,

(12)

Figure 3: Left: The graphs of ϕ(t) (black) and of the associated auxiliary functions ϕanti (t), ϕmax (t) and ϕmin (t) (shown in
red, orange and blue, respectively) for the arc fibration shown in Fig. 2d. Right: The reduced ϕ-channel.

The previous result can be extended to provide regularity conditions for the entire polar parameterization,
thereby ensuring that it becomes an arc fibration:
Theorem 3. Consider a smooth quasiperiodic function ϕ(t) with period 1 and constant 2π and the polar
parameterization (4) defined by it. This polar parameterization is an arc fibration if and only if the function
ϕ(t) fulfills the conditions (i)-(iii) below for all t ∈ R :
(i) It satisfies the inequalities (12) of Lemma 2,

(ii) it is strictly increasing, ϕ0 (t) > 0, and
(iii) the vectors v(t) = (cos ϕ(t), sin ϕ(t)) and c(t) are not anti-parallel, see (7).
Proof. We analyze the sign of the Jacobian determinant (8), which depends on the function ϕ(t) and on its
derivative. On the one hand, Lemma 2 together with ϕ0 > 0 imply the positivity of the numerator, since all
the terms are positive for all s ∈ (0, 1]. The denominator, which is simply the square of the denominator
in (4), is positive as well, as observed already in (6) and (7). On the other hand, the determinant takes
negative values or is undefined if one of the three conditions is violated.
In order to analyze condition (iii), we introduce another auxiliary function ϕanti (t), which captures the
effect of antiparallel vectors u(t) and v(t). More precisely, the function satisfies
ϕanti (t) ∈ arg(−(x(t) + iy(t)))

∀t and ϕanti (0) = Arg(−(x(0) + iy(0))).

(13)

Example 2 (Hourglass, continued). We consider again the hourglass shape of Example 1. The plot on the
left-hand side of Fig. 3 shows the auxiliary functions ϕanti (t), ϕmax (t) and ϕmin (t). In addition, we plotted
the function ϕanti (t) − 2π (also in red), in order to take the ambiguity of arg into account. In order to find
a regular arc fibration, we choose a function ϕ(t) (black) that satisfies the conditions of the theorem: Its
graph is contained in the channel bounded by ϕmin (t) and ϕmax (t), it is strictly increasing, and it does not
intersect the red curves. This function defines the arc fibration, which was shown in Fig. 2d. The function
ϕ(t) is a quasiperiodic cubic spline with period 1 and constant 2π, defined by 16 polynomial segments in
[0,1]. The spline coefficients were chosen manually.

The final result of this section will be useful for the computation of arc fibrations.
Lemma 4. The auxiliary function ϕanti (t) is strictly decreasing whenever
ϕmin (t) < ϕanti (t) + 2kπ < ϕmax (t)

(14)

for some integer k.
Proof. A short computation confirms that
ϕ0anti (t) =

p


x0 (t)2 + y 0 (t)2
x(t)y 0 (t) − y(t)x0 (t)
x(t)
p
=
−
h
, u(t)i.
y(t)
x(t)2 + y(t)2
x(t)2 + y(t)2

The inner product on the right hand side is positive if and only if (14) holds.
6

(15)

5. Computation of Arc Fibrations
We present an algorithm that can be used to decide whether an arc fibration exists for a given domain
boundary c. It also shows how to find any available arc fibration.
The two quasiperiodic functions ϕmin (t) and ϕmax (t) define the ϕ-channel
C = {(ξ, η) ∈ R2 : ϕmin (ξ) < η < ϕmax (ξ)},

(16)

which is again quasiperiodic in the sense that it satisfies C = C + (1, 2π). The graph of any function ϕ(t)
defining an arc fibration is contained in C. Since we are only interested in strictly increasing functions, we
define the reduced ϕ-channel
Ĉ = {(ξ, η) : ϕ̂min (ξ) < η < ϕ̂max (ξ)},
(17)
with the help of the two monotonically increasing functions
ϕ̂min (t) = max ϕmin (τ )
τ ≤t

and ϕ̂max (t) = min ϕmax (τ ).
τ ≥t

The reduced channel is formed by the graphs of all strictly increasing functions that are contained in C.
Graphically, the process of creating Ĉ from C can be seen as the elimination of all “pockets” of the upper
and lower boundary, respectively (see Fig. 3, right).
According to Theorem 3, a valid arc fibration corresponds to a strictly increasing quasiperiodic function
ϕ(t) whose graph is contained in Ĉ. Clearly, such functions exist only if Ĉ is connected, i.e., only if
ϕ̂min (t) < ϕ̂max (t)

(18)

holds for all t ∈ R. In addition, its graph must not intersect the graph of ϕanti (t). We show that the latter
graph does not intersect the reduced ϕ-channel if (18) is satisfied.
Lemma 5. The reduced ϕ-channel does not contain any point of the graph of the auxiliary function ϕanti (t)
if it is connected.
Proof. We prove this fact by contradiction. Assume there exists a t0 ∈ [0, 1) such that (t0 , ϕanti (t0 )) ∈ Ĉ,
or, equivalently,
ϕ̂min (t0 ) < ϕanti (t0 ) < ϕ̂max (t0 ).
First, we generate two C 1 -smooth monotonic spline approximations ϕ̃min and ϕ̃max of ϕ̂min and ϕ̂max ,
respectively, which satisfy
ϕ̃min (t0 ) < ϕanti (t0 ) < ϕ̃max (t0 ) and ϕ̂min (t) ≤ ϕ̃min (t) < ϕ̃max (t) ≤ ϕ̂max (t) ∀t ∈ R.

(19)

The approximation of the lower bound is the quadratic spline function
X
ϕ̃min (t) =
Ni2 (t)ϕ̂min (ξi ),
i∈Z

1
Z and the ξi denote
where the B-splines
are defined with respect to the bi-infinite uniform knot vector K
the associated Greville abscissas. This approximation preserves the monotonicity since the control points of
the spline function are placed on the monotonic function ϕ̂min (t), thus forming a monotonic control polygon.
It also converges to that function as the knot density K increases, hence it satisfies (19) if K is large enough.
An analogous construction is used to generate the approximate upper bound ϕ̃max (t). Both approximations
are again quasiperiodic.
Now, let
ϕanti (t0 ) − ϕ̃min (t0 )
λ=
.
(20)
ϕ̃max (t0 ) − ϕ̃min (t0 )

Ni2

We define the function

σ(t) = λϕ̃max (t) + (1 − λ)ϕ̃min (t)
7

(21)

that satisfies σ(t0 ) = ϕanti (t0 ). Moreover, it is monotonically increasing since it is a convex combination of
two monotonic functions. Consider the difference δ(t) = ϕanti (t) − σ(t). The auxiliary function ϕanti (t) is
strictly decreasing in a certain vicinity of t0 , according to Lemma 4. Thus, the derivative δ 0 (t0 ) is negative,
and so is δ 0 (t0 + 1), due to the periodicity. Moreover, both t0 and t0 + 1 are roots of δ(t). Consequently,
there exists ε > 0 such that δ takes negative values on the interval (t0 , t0 + ε), and positive values on
(t0 + 1 − ε, t0 + 1)). Hence, there exists at least one root between t0 and t0 + 1. Let t1 be the smallest such
root.
We have
ϕ̃min (t1 ) < σ(t1 ) = ϕanti (t1 ) < ϕ̃max (t1 )
(22)
since the approximate reduced ϕ-channel is connected and δ(t1 ) = 0. We use Lemma 4 to confirm that the
derivative δ 0 (t) is negative at t1 , hence there exists ε̃ > 0 such that δ takes positive values on the interval
(t1 − ε̃, t1 ). Consequently, the difference function possesses at least one root between t0 and t1 , thereby
contradicting the assumption that t1 was the smallest root between t0 and t0 + 1.
According to this Lemma, it suffices to construct a function ϕ(t) by taking into account the first two
conditions of Theorem 3. This is done by executing the following algorithm:
1. Find the functions ϕmin (t) and ϕmax (t).
2. Eliminate the pockets by evaluating the functions ϕ̂min (t) and ϕ̂max (t) that define the reduced ϕchannel.
3. If the reduced ϕ-channel is connected, i.e., if ϕ̂min (t) < ϕ̂max (t) holds for all t ∈ R, then select a
quasiperiodic function ϕ(t) with period 1 and constant 2π, which is strictly increasing and contained
in the channel.
In our examples, the function ϕ(t) was chosen as a quasiperiodic spline function, which was created manually. The construction of monotonic spline functions by interpolation or approximation is well studied (see
Dierckx, 1995; Zhu, 2018, and the references cited therein). A simple construction is sketched in the remark
below.
Remark 2. The third step of the algorithm described above can be realized by the following procedure.
First, we choose a constant ε ≤ 12 mint∈R |ϕ̂max (t) − ϕ̂min (t)| and define the upper and lower bounds with
reduced slope,
ϕεmin (t) = ϕmin (t) − εt, and ϕεmax (t) = ϕmax (t) − εt.
Second, we eliminate the pockets in the associated channel by defining
ϕ̂εmin (t) = max ϕεmin (τ )
τ ≤t

and ϕ̂εmax (t) = min ϕεmax (τ ).
τ ≥t

The choice of ε ensures that the channel defined by these two functions is still connected. Consequently, the
average
1
ϕε (t) = (ϕ̂εmin (t) + ϕ̂εmax (t))
2
is contained in that channel. Finally we eliminate the effect of the reduced slope and create a monotonic
C 1 -smooth spline function
X
ϕ(t) =
Ni2 (t)(ϕ̂ε (ξi ) + εξi ),
i∈Z

by considering again the knots and B-splines Ni (with associated Greville abscissas ξi ) that were used in
the proof of Lemma 5.

We present two examples of arc fibrations that were created by the algorithm.
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Figure 4: Arc fibration (left) of a clover-shaped planar domain (right) defined by a cubic spline with 18 control points.

Figure 5: Reduced ϕ-channel and the function ϕ that defines the arc fibration shown in Fig. 4.

Example 3 (Clover). We consider a clover-shaped planar domain, which is bounded by a periodic cubic spline
curve c(t) with uniform knots and 18 control points, see Fig. 4 (right). The reduced ϕ-channel (shown in
Fig. 5) is connected. We create a strictly increasing quasiperiodic cubic spline (black curve), defined by 13
polynomial segments, which is contained in the channel. The resulting arc fibration is also shown in Fig. 4
(left).

Example 4 (Seal). We consider a planar domain in the shape of a seal, which is bounded by a periodic cubic
spline curve c(t) with uniform knots and 24 control points, see Fig. 6 (right). The function ϕ(t) is chosen as
a quasiperiodic cubic spline with period 1 and constant 2π, defined by 11 polynomial segments in [0, 1]. As
we can see in Fig. 7, the chosen function ϕ(t) (shown in black) is contained within the reduced ϕ-channel
and is strictly increasing. Consequently, it defines an arc fibration, see Fig. 6, left.

6. Arc Fibration Kernel
So far, we studied parameterizations (4) defined by circular arcs that connect the origin of the coordinate
system with points on the domain’s boundary. Consequently, the procedure described in the previous section
allows to decide whether an arc fibration of this form exists. Clearly, the answer and the resulting arc
fibration then depends on the choice of the origin of the coordinate system.
Now, given a planar domain, we consider parameterizations with respect to an arbitrarily chosen origin
of the coordinate system. We will refer to the origin as the center of the parameterization.
Definition 6. We say that a center is valid if an associated arc fibration exists. The valid points form the
arc fibration kernel.
We start the discussion by a simple example:
Example 5 (Hourglass). We consider the reduced ϕ-channels of the hourglass-shaped domain for the three
centers shown in Fig. 8. The first channel is connected, the third one disconnected, and the second represents
the transition case. Consequently, the first center belongs to the arc fibration kernel, and the second one is
located on its boundary.

9

Figure 6: Arc fibration (left) of a seal-shaped planar domain (right) defined by a cubic spline with 24 control points.

Figure 7: Reduced ϕ-channel and the function ϕ that defines the arc fibration shown in Fig. 6.

We conclude that the boundary of the arc fibration kernel is characterized by the fact that the boundary
curves of the associated ϕ-channel share a horizontal tangent. As a first step, we analyze these tangents,
which correspond to stationary points of ψ(t) defined in (10).
Lemma 7. The function ψ(t) possesses a stationary point at t0 , i.e.
ψ 0 (t0 ) = ϕ0min (t0 ) = ϕ0max (t0 ) = 0,

(23)

if and only if the osculating circle of the boundary curve at c(t0 ) passes through the center.
Proof. Without loss of generality, we assume that the boundary curve c is given by an arc-length parameterization. Consequently, its unit tangent vector satisfies t = c0 . Recall that the center (i.e., the origin of
the coordinate system) is contained in the interior of the domain, hence hc, ci =
6 0.
First we examine the case of nonzero curvature κ 6= 0. We consider the reflected normal vector
u=n−2

hc, ni
c,
hc, ci

(24)

which defines the function ψ. On the one hand, we use the Frenet formulas to confirm that its derivative
satisfies
hc, ni
hc, ti
u0 = (κ + 2
)(−t + 2
c).
(25)
hc, ci
hc, ci

A short computation confirms that the second factor, which is a vector, has norm 1. On the other hand,
the osculating circle passes through the center iff
0 = hc +

1
1
1
hc, ci
hc, ni
n, c + ni − 2 =
(κ + 2
).
κ
κ
κ
κ
hc, ci

Clearly, the latter equation is satisfied if and only if u0 = 0.
10

(26)

Figure 8: Top: Three instances of reduced ϕ-channels of the
hourglass-shaped domain for the three centers (bottom left) of
the hourglass-shaped domain. The orange / red / blue center point is associated with the reduced left / middle / right
ϕ-channel. Bottom right: Two osculating circles that are in
oriented anti-contact at the red center point

Second we consider inflection points, κ = 0, where
u0 = 2

hc, ni
hc, ti
(−t + 2
c).
hc, ci
hc, ci

(27)

The inflection tangent, which represents the osculating circle in this case, intersects the center iff 0 = hc, ni,
thereby completing the proof.
Now we combine this result with the previously derived characterization of boundary points of the arc
fibration kernel.
Consider a horizontal tangent that is shared by the two boundary curves of the associated ϕ-channel. It
touches the boundaries in two distinct points with abscissas t1 and t2 . Thus we have
ϕ0min (t1 ) = 0,

ϕ0max (t2 ) = 0

(28)

and
ϕmin (t1 ) = ϕmax (t2 ).

(29)

The two equations (28) imply that the two osculating circles at c(t1 ) and c(t2 ) pass through the center, due
to the previous lemma. Moreover, the circular arc p(s, t1 ) defined by the polar parameterization (4) with
ϕ(t) = ϕmin (t) is a segment of the osculating circle at t1 , since they share two points (the center and c(t1 ))
and a tangent (the tangent at c(t1 )). Similarly, the circular arc p(s, t2 ) defined by the polar parameterization
(4) with ϕ(t) = ϕmax (t) is a segment of the osculating circle at t2 .
Combining this observation with (29) confirms that the two osculating circles at c(t1 ) and c(t2 ) are
in tangential contact at the center. A closer analysis reveals that they touch each other with opposite
orientation, where their orientation is determined by c(t). We say that the circles are in oriented anticontact. An example is shown in Fig. 8 (top right), where the blue and orange circle are both oriented
clockwise.
This fact motivates us to introduce another notion:
Definition 8. The points where two osculating circles of the domain boundary touch each other with
opposite orientation will be denoted as the Osculating Circles oriented Anti-Contact (OCAC) points.
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Each OCAC point is determined by two points c(t1 ) and c(t2 ) that generate the two touching oppositely
oriented osculating circles. The anti-contact condition leads to the equation
κ(t1 )κ(t2 )kc(t1 )−c(t2 )k2 +2κ(t1 )hc(t2 )−c(t1 ), n(t2 )i+2κ(t2 )hc(t1 )−c(t2 ), n(t1 )i = 2hn(t1 ), n(t2 )i+2 (30)
For any pair (t1 , t2 ) satisfying this condition, we obtain the associated point
q(t1 , t2 ) =

1
(κ(t1 )c(t1 ) + n(t1 ) + κ(t2 )c(t2 ) + n(t2 )
κ(t1 ) + κ(t2 )

(31)

on the OCAC curve.
Finally we state a characterization of the arc fibration kernel’s boundary:
Theorem 9. The boundary of the arc fibration kernel consists of domain boundary points and OCAC points.
Proof. A point in the interior of the domain belongs to the boundary of the arc fibration kernel if the
associated ϕ-channel shrinks to a line segment for some interval of the t axis, see Fig. 5. This implies the
existence of a common horizontal tangent of ϕmin (t) and ϕmax (t), and thus the point satisfies the criteria of
Definition 8.
Example 6. We used MapleTM to compute the arc fibration kernel of the symmetric hourglass planar shape
shown in Fig. 9 (top right, black curve). The boundary is represented by a trigonometric polynomial curve
of order 3. The parameter values of the OCAC points, which are defined by Eq. (30), form an curve in the
(t1 , t2 )-plane, which is visualized in the top left plot. Note that this curve is not only symmetric but also
1-periodic with respect to both coordinate axes.
Transforming this curve into the physical domain via (31) gives the OCAC curves, which are shown
in green and blue. One of them (shown in blue) forms the boundary of the arc fibration kernel, which is
located in the central part of the domain. This can be confirmed by analyzing the ϕ-channels of sample
points within the domain. It suffices to check the ϕ-channel of one center point for each face of the planar
subdivision of the domain that is defined by the OCAC curves (shown in green and blue).
Three instances of points (marked by circles, top right) and associated ϕ-channels are shown (bottom
row). The leftmost (connected) channel corresponds to highest point, which is located within the kernel.
The other two channels are associated with the remaining two points that do not belong to the arc fibration
kernel.

In general, the OCAC curve is a superset of the boundary of the arc fibration kernel. More precisely, the
points of this curve can be classified into several groups, depending on the signs and the magnitudes of the
curvatures at the two corresponding points on the boundary, and on the signs of the curvature derivative.
The latter signs specifies whether the osculating circle enters or leaves the domain2 . There are six cases if
both osculating circles possess the same orientation, which is either positive or negative, see Fig. 10. Only
one of them, which is characterized by negative curvatures and different signs of the curvature derivative,
may contribute to the boundary of the arc fibration kernel.
The remaining cases – where the curvatures possess opposite signs – can be transformed into to one of
these six cases via a suitable Möbius transformation. For instance, a mapping that sends the point marked
by ∞ in the bottom left picture of Fig. 10 to the ideal point of the complex plane transforms this case
into the fifth case (which was the relevant one for the computation of the arc fibration kernel boundary).
Consequently, the above classification can be extended to these situations, since arc fibrations and their
kernels are invariant under these transformations.
This observation can be used to filter the OCAC points. Even after applying this filter, however, not
all remaining points necessarily contribute to the boundary of the arc fibration kernel. The true boundary
can be identified as in Example 6, simply by analyzing a ϕ-channel for one center in each face of the planar
subdivision defined by filtered curve.
The final example compares the flexibility of polar parameterizations by lines and by circular arcs.
2 Here we need to assume that the boundary curve is C 3 smooth. Except for curvature extrema, the osculating circle of a
curve crosses the curve at the associated point.

12

Figure 9: Top row: OCAC curves of a planar domain (bounded by the black curve, right) in the (t1 , t2 )–parameter domain
(left) and in the physical domain (right, blue and green curves). The blue curve forms the boundary of the arc fibration kernel.
Bottom row: ϕ-channels associated with three selected center points (marked by circles in the top right picture).

Example 7. Figure 11 compares the kernels and the arc fibration kernels of three hourglass-shaped planar
domains, which have been generated by stretching. We start with a domain (left), where both kernels are
non-empty. For the second domain (center), the kernel shrinks to a point, while the arc fibration kernel is
still quite large. After some further stretching (right), the latter kernel shrinks to a point also.

7. Conclusion
The notion of arc fibrations forms an interesting generalization of polar parameterizations by line segments. While the latter parameterizations are available for star-shaped domains only, the use of arc fibrations
provides additional geometric flexibility. The existence of an arc fibration for a given planar domain can
be analyzed by a simple geometry-based algorithm, which also allows to compute it in the affirmative case.
The arc fibration kernel, which contains all the feasible center points of a domain, is bounded by the curve
of OCAC points and by the domain boundary. Its analysis makes it possible to decide whether a planar
domain possesses an arc fibration or not.
It should be noted that arc fibrations and the class of planar domains admitting them are invariant under
Möbius transformations that preserve the orientation of the domain’s boundary curve. (The interested reader
may wish to consult the textbooks of Hertrich-Jeromin (2003) or Kisil (2012) for a detailed introduction to
Möbius geometry.) In particular, the OCAC curve is also invariant, since Möbius transformations preserve
osculating circles.
Future work will be devoted to more efficient methods for computing the arc fibration kernel. It turns
out that this computation becomes much simpler for domains bounded by arc splines, similar to the problem
of medial axis computation (Aichholzer et al., 2009). Arc splines, however, are not C 2 -smooth, hence one
13

osculating circles
leave / leave

enter / leave

enter / enter

the domain

positive
curvature

8

negative
curvature

Figure 10: Above: The six cases of OCAC points for
curvatures possessing the same sign. Only the situation
shown in the second picture of the second row is relevant
for the boundary of the arc fibration kernel. Left: Situations with different curvature signs can be transformed
to one of these six cases by a suitable Möbius transformation.

Figure 11: Example 7 – Kernels (red) and arc fibration kernels (green) and the curves that define
the kernels’ boundaries (dashed) of three hourglassshaped planar domains.
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needs a slightly different analysis, which will be presented in a forthcoming paper (Weiß and Jüttler, 2019).
We also plan to explore the generalization to three-dimensional domains.
In addition, it should be interesting to explore fibrations by more general curves, such as low degree
Bézier curves. It is well known that any contractible domain possesses a polar parameterization, and
Gondegaon and Voruganti (2018) used this observation to create domain parameterizations for isogeometric
analysis, while Huynh and Gingold (2015) employed integral curve coordinates to define bijective deformations. Alternatively, one may consider polygons defining piecewise linear foliations (cf. Campen et al., 2016).
The restriction to low degree parameter lines may make the simulation computationally more efficient and
introduces a natural geometric classification of contractible domains.
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